Techniques of non-commutative field theories have proven to be useful in describing D-branes as tachyonic solitons in open string theory. However, this procedure also leads to unwanted degeneracy of solutions not present in the spectrum of D-branes in string theories. In this paper we explore the possibility that this apparent multiplicity of solutions is due to the wrong choice of variables in describing the solutions, and that with the correct choice of variables the unwanted degeneracy disappears.
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as was found in ref. [20] , this proposal suffers from the problem that besides the soliton solutions representing lower dimensional D-branes, there are many other degenerate solutions which do not have any obvious physical interpretation. Furthermore there is no obvious dynamical mechanism which makes the magnetic field roll down to infinity, since different vacua labelled by different values of the magnetic field all appear to have the same energy density. Additional degeneracies in the set of solutions was discussed in ref. [22] .
In fact, the problem of unwanted degeneracy appears even in the absence of any background field strength. To see this, let us consider a D-p brane in the bosonic string theory in 26 dimensional flat space-time. Before tachyon condensation, the world-volume theory of the D-p brane contains (25 − p) massless scalar fields representing coordinates of the brane transverse to its world-volume. These fields can be regarded as the Goldstone modes associated with spontaneously broken translational symmetry in the (25 − p) transverse directions. Since the tachyonic vacuum is conjectured to represent the closed string vacuum without any D-brane, we should expect that full (25+1) dimensional translational symmetry is restored in this vacuum. Hence the Goldstone modes, and consequently the flat directions in the potential in the Dbrane world-volume theory, should disappear in this vacuum. However, in terms of the variables used in describing the Born-Infeld action, the flat directions in the potential continue to persist in this vacuum, thereby giving us unwanted degeneracy of the vacuum.
In this note we propose a resolution of the above problem, as well as the degeneracy problem encountered in ref. [20] . We propose that the apparent multiplicity of the ground state, labelled by different values of the background magnetic field and/or different positions of the initial D-brane, is due to the fact that the original choice of field variables, used in describing the Born-Infeld action on the D-brane, becomes singular at the tachyonic vacuum, and that with the correct choice of field variables, all these apparently different vacua correspond to the same point in the configuration space. Besides removing the vacuum degeneracy, this proposal also resolves the problem encountered in ref. [20] of unwanted soliton solutions, since many apparantly different solutions in the original variables represent the same field configuration in the new set of variables.
It is best to illustrate this by drawing an analogy. Consider, for example a particle moving in three dimensions under the influence of a potential which has a unique minimum at the origin, and let us suppose further that the potential is symmetric under a rotation about the z-axis. In this case, if we use the spherical polar coordinates (r, θ, φ) to describe the motion of the particle, then it will appear that there are infinite number of degenerate ground states of the system, corresponding to r = 0, (θ, φ) arbitrary. Furthermore, it will not be manifest that the ground state is invariant under the rotational symmetry about the z-axis; since under this transformation φ will transform to φ + a for some constant a. Only after going to a non-singular coordinate system (e.g. the cartesian coordinate system) we see that the ground state is unique and that it is invariant under rotation about the z-axis.
We argue that the case at hand, − the dynamics of the D-brane around the tachyonic vacuum − is similar to the example discussed above; and that the usual variables appearing in the (non-commutative) Born-Infeld action correspond to a singular coordinate system around the tachyonic vacuum. The role of the angular variables (θ, φ) is played by the background gauge and massless scalar fields, and the role of the radial variable r is played by T − T min , where T denotes the tachyon field and T min is its vacuum value where the potential has a local minimum. Thus at T = T min , different values of background gauge and massless scalar fields describe the same configuration. In the case of the three dimensional particle, the singularity of the spherical polar coordinate system near the origin becomes apparent if we examine the kinetic term of the particle in this coordinate system; as we shall see, the same situation holds in the case of D-branes. (Unfortunately, however, here not all the relevant terms are known which allows us to determine precisely the right choice of coordinate system around the new vacuum.)
We can push the analogy a bit further by comparing deformation of the azimuthal angle φ to the deformation of field configurations on the D-brane generated by various symmetry transformations, and the deformation of the polar angle θ to deformation of background magnetic field strength on the D-brane. The analog of rotational symmetry restoration at r = 0 will then be the restoration of translation symmetry in directions transverse to the D-brane, and also the restoration of the U(∞) gauge symmetry discussed in refs. [14, 20] in the tachyonic vacuum. For a non-central potential which is invariant under rotation about the z-axis, different values of θ describe inequivalent configurations, but at r = 0 they all correspond to the same configuration. Similarly, for the D-brane system, we shall argue that although different background magnetic field configurations describe inequivalent configurations away from the tachyonic vacuum, at the tachyonic vacuum they all correspond to the same configuration. Finally, just as in the case of a three dimensional point particle the rotational symmetry about the z-axis is restored for general r at special values of θ, namely 0 and π, so in the case of a D-brane the U(∞) symmetry is restored for a general space-time independent tachyonic background at special value of the magnetic field strength, namely ∞ [14, 20] .
Incidentally, we would like to mention here that string field theory [23] , whose variables are related to the ones appearing in the Born-Infeld action via a nontrivial field redefinition [24, 25] , automatically chooses the right set of field variables around the tachyonic vacuum. This is seen by noting the absence of Goldstone modes, i.e. flat directions of the potential around the new vacuum [26, 27, 28] . Indeed, most of the hard evidence for the proposal put forward in this paper comes from this result in string field theory.
Besides the existence of unwanted solutions, another problem that the results of refs. [14, 20] end on the vacuum, the spectrum should not contain such states; hence existence of these states on the soliton world-volume poses a problem. We propose a resolution of this problem by noting that the equations of motion of U(1) gauge field living on the brane before tachyon condensation will force the currents associated with such states to vanish, and hence these states cannot exist in isolation. (This follows the suggestion in ref. [29] , alternative but similar proposals have been made in refs. [30, 31] .)
The rest of the paper is organised as follows. In section 2 we discuss how translation invariance in directions transverse to the brane is restored at the tachyonic vacuum. In section 3 we show how the U(∞) gauge invariance can be restored at the tachyonic vacuum even when the background magnetic field is finite. The field redefinition required for achieving this also removes the unwanted degeneracy of vacuum and soliton solutions. In section 4 we discuss how the unwanted states living on the soliton worldvolume, corresponding to open strings with one end on the soliton and the other end in the tachyonic vacuum, might be removed from the spectrum.
We end this section by noting that although we shall carry out our discussion in the context of D-branes in bosonic string theory, we expect that an identical analysis can be carried out for D-branes in superstring theory as well. In particular, restoration of the full supersymmetry at the tachyonic vacuum should follow in a manner analogous to the restoration of the translation invariance discussed in section 2.
Restoration of Translation Invariance at the Tachyonic Vacuum
Let us consider a D-p brane in 26 dimensional bosonic string theory in flat Minkowski space-time. This system has (25 − p) massless scalar fields living on its world-volume, describing transverse motion of the D-p-brane. These can be regarded as the Goldstone bosons associated with the spontaneously broken translational invariance along these (25 − p) directions in the presence of the brane. Now when the tachyon condenses into its ground state, we expect that the translational symmetry of the configuration should be restored fully, and hence these Goldstone modes should disappear. The question is: can we see this in the effective field theory describing the system? Let us consider the Born-Infeld action describing the system in the static gauge [29, 32] :
where χ i denote the transverse coordinates of the brane (p + 1 ≤ i ≤ 25), x µ denote the world-volume coordinates of the brane (0 ≤ µ ≤ p), T denotes the tachyon field, and V(T ) denotes the tachyon potential with the D-brane tension term included, so that V(T ) vanishes at the tachyonic vacuum T = T min . For simplicity we have ignored the gauge field terms in (2.1). . . . denotes terms containing derivatives of T and ∂ µ χ i .
The action (2.1) has manifest translational invariance along the transverse directions:
Note, however that this symmetry is spontaneously broken, as is indicated by the presence of field independent terms on the right hand side of eq.(2.2). These do not vanish even when all the fields are set to zero.
Now consider the tachyonic vacuum T = T min . The right hand side of eq.(2.2) is independent of T , and so continues to be non-zero even in this vacuum. Thus it would seem that the vacuum is still infinitely degenerate, labelled by different values of χ i , and that the χ i 's continue to represent the Goldstone modes associated with broken translation invariance. However, since V(T min ) = 0, the kinetic term of χ i in (2.1) vanishes at T = T min . Thus the fields χ i are not good coordinates for describing the field configuration around the vacuum T = T min . Unfortunately, due to our limited knowledge of the structure of the effective action around the tachyonic vacuum, we are unable to determine the precise expressions for the 'good' variables in terms of T and χ i . However, since the kinetic term of χ i vanishes at T = T min , we would expect that the good choice of field variables, T and χ i , should be related to T and χ i by functional relations of the form:
with h i (T, χ) and h(T, χ) having the property that
Here T min is a constant which can be set to zero by suitably redefining T . In these variables eq.(2.2) takes the form:
Since eq.(2.4) is satisfied for all χ, we see that δ χ i and δ T vanish at T = T min . Thus translation invariance along directions transverse to the D-brane is restored around this vacuum.
As has already been noted in the introduction, string field theory automatically chooses the right coordinate system around the vacuum T = T min , since the string field theory potential expanded around T = T min has no flat direction [26, 27] . Indeed, this result of string field theory can be turned around to conclude that the correct choice of coordinate system around T = T min must be of the form given in eqs.(2.3), (2.4) so that in this coordinate system there are no flat directions of the potential.
Lifting of Degeneracy of Solutions
In the analysis of ref. [20] the authors proposed a specific form of the tachyonic soliton solution on a D-brane, representing a D-brane of lower dimension, but also noted that there are other solutions with no obvious interpretation as D-branes. In this section we shall argue that all these are equivalent solutions, in the same sense that different values of θ and φ for r = 0 represent the same configuration of a particle moving in 3-dimensions.
The configuration we study is the same one studied in ref. [20] , − a D-25-brane in the presence of constant background antisymmetric tensor field B µν . As in [20] we take space-time to be Euclidean, and take B to be of rank 26. As shown in [11, 33, 34] 
Here g µν is the closed string metric and g c is the closed string coupling constant. One convenient choice of Φ is:
with the corresponding non-commutativity parameter Θ (1) and the open string metric and coupling constants G (1) and G o(1) determined from eq.(3.1). The solutions given in [20] were constructed in these variables. The other choice, which is useful in constructing background independent variables [20, 22] , is
which gives
We shall denote by A
µ and A
µ the non-commutative gauge fields in the first and the second description respectively, and by 
we get
The effective action involving the tachyon and the gauge field in the two descriptions is given by [11, 20, 22] :
where V(T ) is the tachyon potential which vanishes at T = T min , and f (T ) is an unknown function of T . Here T r denotes trace over infinite dimensional matrices used to represent various functions of x µ following the procedure of [12] . As is customary, we shall denote by N the dimension of these matrices, with the understanding that N is actually infinite. . . . in eq.(3.9) denote various higher derivative terms.
The relationship between the two sets of variables can be found by noting that the ordinary gauge field strength F µν is related to F (s) µν through the relation:
ν ] = 0, it corresponds to F = ∞ for both values of s. Since under an U(N) gauge transformation
µ = 0) represents U(N) invariant gauge field configurations [20] . 2 We shall use real coordinate system x µ instead of the complex one used in [20] . Also, for gauge fields we use the sign convention of ref. [11] which differs from that of ref. [20] by a minus sign.
For the choice s = 2, one can also define the background independent variables X µ as follows:
The action expressed in terms of these variables takes the form [20, 22] : µ 's themselves are not good coordinates around this point. 3 Instead we should choose new variables
to describe the field configuration around this point. (Note that we have dropped the superscript (s) from C, − the discussion below holds for either choice of s, and also for C replaced by the background independent variables X. The precise form of the functions h µ and h will of course depend on whether we choose C
(1)
µ or X µ in the arguments of these functions.) Vanishing of the C µ kinetic term at T = T min I N suggests that the functions h µ and h have the property:
where T min is some constant which could also be set to zero by redefining T . We shall assume that the functions h µ and h appearing in eq.(3.14) may be expressed as 3 As we lack sufficient intuition about theory of matrices, it is hard to conclude just by looking at eqs.(3.9) or (3.13) that the variables appearing in these equations are wrong variables. Here we are using our intuition from conventional field theories; − since when expressed in the space-time language the kinetic term for the gauge fields vanish, different gauge field configurations, labelled by different values of C µ (X µ ), should correspond to same physical configurations at T = T min I N . 4 The important point here is that h µ (T min I N , C) and h(T min I N , C) should be independent of C. A constant shift in the definition of C µ can then be used to set h µ (T min I N , C) to zero.
5 For our purpose it will be sufficient if these relations hold for those C µ 's which satisfy equations of motion.
(infinite) sum of products of various powers (possibly fractional) of T and C µ , so that eqs.(3.15) hold as operator equations irrespective of the dimension of the operators. In that case, for any non-singular matrix S, we have
In particular, if we take S to be an N × N unitary matrix, then the above relation shows that T and C µ defined in eq.(3.14) transform in the adjoint representation of U(N). Thus we can get an U(N) invariant configuration by taking:
We identify this as the 'nothing' state. Note however, that this does not require us to take C µ = 0; any finite C µ corresponds to this vacuum when T = T min I N . Thus the coordinate redefinition suggested in eqs. brane [35, 36, 22] . Now we can invoke the string field theory analysis of ref. [26, 27] to argue that when the tachyon rolls down to its minimum T min , there is no flat direction of the potential, and hence all the different (commuting) values of X µ must correspond to the same point in the configuration space. Eqs.(3.14), (3.15) (with C replaced by X) clearly incorporates this.
Let us now turn to the soliton solutions. Expressed in terms of the original variables T , C µ , these solutions are typically of the block diagonal form [20] : 18) where T max is the value of the tachyon at which the potential has a local maximum, Using (3.14) , and the assumption that h µ and h involve sum of products of various powers of T and C µ , the solution (3.18) can be rewritten as
(3.19) Using eq. (3.15) , and the fact that it represents operator relations irrespective of the dimension of the operators, we can rewrite eq.(3.19) as
From this we see that in terms of the new variables solutions with different background values of V correspond to the same field configuration. Thus the apparent unwanted degeneracy of the soliton solutions disappears when we make the right choice of variables in describing these solutions.
Since different background values of V µ correspond to the same tachyonic soliton configuration, we can choose any of these representative values to analyse the tachyon condensation problem. As was shown in refs. [13, 14, 20] , many exact results can be obtained by taking V to be zero, which corresponds to taking the value of the ordinary magnetic field strength away from the location of the soliton to infinity. Thus if our proposal, − that the correct choice of coordinates is given by C µ and T defined in eqs.(3.14), (3.15) − is correct, then the exact results for V = 0 can be used to conclude that the same results also hold for V = 0. Translated to conventional language, this will imply that the exact results, obtained in the limit of large asymptotic magnetic field on the original D-25 brane, are also valid when the asymptotic magnetic field is finite. 6 For magnetic field in the plane transverse to the soliton this is a surprising result, since for finite asymptotic magnetic field higher derivative terms in the effective action can no longer be ignored in the analysis, and the shape of the soliton is expected to change. But if eqs.(3.14), (3.15) are correct, then this must be a gauge artifact.
An indirect evidence for this follows from the fact that the D-23 brane, after all, is described by a specific conformal field theory, and hence must be described by a unique configuration in string theory. Thus any two different configurations, describing the D-23-brane in the same closed string background, must be gauge equivalent.
The Fate of the Bifundamental States
The analysis of refs. [14, 20] Physically, these modes represent open string states with one end on the D-brane soliton and the other end on the tachyonic vacuum [15] . Since open strings cannot end on the vacuum, these states must be absent from the spectrum. A possible explanation for the absence of these states was given in [29] (for related but alternative explanations, see refs. [30, 31] ). The main point here is that since the kinetic term for the U(1) gauge field living in the vacuum vanishes (we are using the original variables before the field redefinition), the equations of motion of the gauge field will force the currents coupled to the gauge field to vanish. These constraints will remove from the spectrum the states which are charged under the gauge field. This includes the open string states with one end on the D-brane soliton and the other end in the tachyonic vacuum.
The existence of these constraints can be seen explicitly in the present framework.
Since we have argued that backgrounds labelled by different choices of V µ in eq.(3.18) correspond to physically identical configurations, we shall choose a background where V µ are non-vanishing, giving finite asymptotic magnetic field. We can now consider fluctuating fields of the form: 
